Chapter 1 Ordinary Differential Equations

The solution of the differential equation Z_y: f(x) 18
X

y(x) = [ f(@)dx +c =y, (x)+3,(x)

where y (x) and y,(x) are particular solution and homogeneous

solution, respectively.
Ex. Z—y =sin(ax) +cos(bx)+x" +e* +x~'
X

y= I[sin(ax) +cos(bx)+x"+e" +x 'dx+c

n+l

= —lcos(ax) +lsin(bx) + X et tInxtc
a b n+1

Ex. @ _1 +2xcos(ax)
dx

y= I[% +2xcos(ax)]dx +c = J.%dx + I 2xcos(ax)dx +c
=Inx+ l.[ 2xdsin(ax)+c=Inx+ l[2x sin(ax) — ZI sin(ax)dx]+c
a a
—Inx+ 2 xsin(ax) - 2(-1) [dcos(ax)+c
a a a

=Inx+ 2xsin(ax) + %cos(ax) +c
a a

2
Ex. d ); = l+ 2xcos(ax)
dx” x
& =Inx+ zx sin(ax) + %cos(ax) +¢
dx a a

y= J-[ln X+ gxsin(ax) + %cos(ax)]dx +ex+c,
a a
2. 1 2
= J-ln xdx +—(— —)J- xd cos(ax) + —zj cos(ax)dx +cx +c,
a a a
2 2 .
=(xIlnx- jxd Inx) ——[xcos(ax) - Icos(ax)dx] +—sin(ax) +¢x +c,
a a
0 2 1 . 2 .
=(xIlnx- jxx dx) ——[xcos(ax) — —sin(ax)]+—sin(ax) + ¢, x +c,
a a a

2

2 4 .
=(xlnx—x)— ?x cos(ax)+ ?sm(ax) +cx+c,



=xlnx- %xcos(ax) + %sin(ax) +(¢,—Dx+c,
a a

Consider the equation f(x,y)=c

Then 0=df(x,y)= gdx + gdy =M (x,y)dx+ N(x,y)dy
ox oy

§ Exact D. E.

Definition.

The equation M (x,y)dx+ N(x,y)dy=0 is an exact differential equation if

and only if there is a function f(x,y) such that

o N

s ox’ N oy
Theorem
M (x,y)dx+ N(x,y)dy=0 1s exact if and only if M _ 8_N
oy  Ox
Ex. Solve (3’ +2x)dx+(3xy* +1)dy =0
M(x,p)=y +2x, Neoy)=3ni+1, D32 OV 5. OM_ON
oy ox oy  Ox

(y* +2x)dx+(3xy* +dy =0 is an exact differential equation

Zl =M(x,y)=y"+2x implies f(x,y)=xy"+x"+g(»)
X

9 _ 3x)° L% N(x,y)=3xy"+1 implies g(y)=y+c
oy dy

So, f(x,y)=xp’+x*+y+c.

Another way, y'dx+dx’+xdy’ +dy=0 or (y’dx+xdy’)+dx’ +dy=0
0w +xt+y=c

Ex. Solve (x’+cosy+ l)a’y = (l2 —3x7y)dx
X x

x3dy+cosydy+ldy+3x2ydx—lzdx =0, x3afy+cosya’y+ldy-|-ya’x3 +ydl= 0
X X X RS



x’dy + ydx’ +cosydy+ydl+ldy:0 . d(x*y)+cosydy +d(X)=0
x X X

Cyrsiny+rL=c
x

Ex. Solve (2xy+x’)dx+(x* +y*)dy=0
0= Qay )+ (x* 4 3 )y =y '+ X'y + 2

1 1 1 1
0=(ydx>+x*dy)+—dx* +=d 3, Xy+—xt+=yi=c.
(v y) 1 ;Y Y+ 37

§ Integrating factor

Suppose M (x,y)dx+ N(x,y)dy =0 not to be an exact differential equation.
If there exists an u(x,y) such that wuM(x,y)dx+ uN(x,y)dy=0 to be an
exact differential equation, then u(x,y) is called an integrating factor.

Ex. (x*+)*—x)dx—ydy=0, M(x,y)=x>+y"—x, N(x,y)=-y,

om =2y¢a—N:0. However,

oy ox

(x> + y*)dx — (xdx + ydy) = (x° —i—yz)abc—%d(x2 +y%)=0

5, 2dx——; 2d(x2+y2)=O, 2x—In(x*+y*)=c
X +y X +y

u(x,y)=

Ex. ydx+(x*y’+x)dy=0 is not an exact differential equation.

x>y’ dy + (xdy + ydx) = x*y’dy + d(xy) =0
1 1
d(xy)=0, —y’——=c¢
e (xp) 2 o

1
H(x,y)=——, ydy+
Xy
EX. xdy-ydx=(4x’+y*)dy 1is not an exact differential equation.

1 1
— (xdy — ydx) = —(4x* + y*)dy—> d(2) =[4+(2)*1dy
X X X X

Let u:y/x—> duzzdy:% d(u/z)zzl d(u/2)2,
4+u 41+ /20 21+(u/2)

Let u/2=tan0—>d(u/2)=sec’ 0d0—



dy:%d0—>2y:0+c=tan‘l(u/2)+c:tan‘l(y/2x)+c
—y/2x=tan(2y —c).

Ex. y(+xp)dx+Q2y—x)dy=0

ydx—xafy+%y2dx2 +dy’=0— %(ydx—xdy)+d(%x2)+%dy2 =0

S Ay +dExyrdiny =0— T+l iy —c
y 2 y 2

2
Ex. 2x1nydx+1+x dy=0
2
2 e ay=0 52 D L gm0 S D+ Indiny) =c
I+x yiny I+x Iny

(x> +DIny=¢°

§ Separation of variables
f(x)dx+g(y)dy=0 - [ f(x)dx+ [ g(y)dy=c

Ex. d—y+4x+sinx:6y2cosy3d—y— 42
dx dx l+x

a’y—6yzcosy3aly:(—4x—sinx—1 1 7)dx —>
+x

dy—2cos y’dy’ = 2dx* +dcosx—4dtan”' x —

y—2siny’ +2x> —cosx+4tan"' x =c

secy—smydyzo_)

Ex. (2xcosy)dx +x*(secy —sin y)dy =0— 2 g+
x cosy

2dInx+dtany+dIlncosy=0—Inx*+tany+Incosy=c

§ Homogeneous Eq.

Given a function f(x,,x,,...x,) 1f f(Ax,2x,,....,Ax,)=A"f(x,%,,....X,)

Then f(x,,x,,...,x,) 1S homogeneous of order n.

Ex.Is f(x,y)=x[In{x*+y* —Iny]+ye”” homogeneous



f(x,y):xln(\/m/y)ijex/y_>
Sx.Ay) = Ax (X + 7 [ Ap)+ Ay ™ = f(Ax,Ap) = Af (x.7)

If M(Ax,Ay)=AM(x,y) and N(Ax,Ay)=AN(x,y)

_M(x,y):_M(l,y/x)é

dy
Then M(x,y)dx+ N(x,y)dy=0—> "= R(y/x
(x,) (x, y)dy B Ny Ny o) (y/x)
Let u:y/x—>d—y=xd—u+u:R(u)—>I du__ _ ﬁ=1nx
dx dx R(u)—u X
Ex. (x*+3y%)dx-2xydy =0 is homogeneous
2 2 2 dx du’
v =xu—>(1+3u")dx — 2u(xdu + udx) = 0— (1+u" )dx — xdu :0—>——1 >=0
x l+u

—Inx—In(l+u’)=c—=>x/(+u’) ="’/ (x*+*) =¢°
Ex. (x*+y?)dx =2xydy

Ex. x%— y=(x*=y)"?—=[(x*-»*)"* + yldx—xdy =0 is homogenous
x

Let y:xu—>x[(1—u2)”2+u]dx—x(udx+xdu):0—>ﬁ—(1d%=o
x —-u

. dx .
Let u=sinv—>-"——-dv=0—>Inx—v=c—>Inx—sin'u=c—>
X

Inx—sin"'(y/x)=c

Ex. xd—y:y+(x2 +%)
dx

> is homogeneous

Uz]dx %L:ﬁ

Let y=xu—> x(xdu+udx)=x{u+(1+u”) (1+u*)"

cosh@d@ dx
_ = >
coshé X

Let u=sinh@— @—Inx=c—>sinh'u—lnx=c—

sinh”'(y/x)-Inx=c

2
Ex. d—y:y—+Z

2
dx Xx X

du du dx _
Let y=xu >u+x—=u"+u > —=——>Inx+u
dx u X

'=¢c > Inx+(x/y)=c

Consider & - @xtby+c
dx Ax+By+C



Casel. aB= Ab.

Let (x,,y,) be the intersection of ax+by+c=0 and Ax+by+C=0.

Let x=u+x,, y=v+y,, then dv_ autby
du Au+ Bv

Case 2. aB=4b
Let v=ax+by if a#0 or v=Ax+By if a=0.

dy _x—y+5
dx x+y-1

Ex.

(-2,3) 1is the intersection of x—y+5=0 and x+y-1=0

Let x=u-2, y=v+3,then v _u-v or (u+v)dv=(u—-v)du
du u+v

— udv +vdu +vdv—-udu=0— d(uv)+d(%v2)—d(%u2)20

1, 1, 1 2 1 2
S>uw+—v ——u =c>x+2)(y-3)+=-(y-3) —=(x+2) =c.
7V 3 (x+2)(y=3)+(r=3) —Z(x+2)

Ex. d_y:4x—2y+5
dx 2x—y
Let v=2x—y > dy=2dx—dv, 2—§=2v+5—>—vdv:5dx—>5x+%v2:c
X %

- 5x+%(2x—y)2 =c

Consider & - @xtby+c
dx Ax+By+C

Casel. aB# Ab.

Let (x,,y,) be the intersection of ax+by+c=0 and Ax+by+C=0.

Let x=u+x,, y=v+y,, then dv_ autby
du  Au+ By

Case 2. aB=4b
Let v=ax+by if a#20 or v=Ax+By if a=0.

dy _x—y+5
dx x+y-1

Ex.

(-2,3) 1is the intersection of x—y+5=0 and x+y-1=0



Let x=u-2, y=v+3,then v _u-v or (u+v)dv=(u—-v)du
du u+v

— udv +vdu +vdv—-udu=0— d(uv)+d(%v2)—d(%u2)20

1 2 1 2 1 2 1 2
S>uw+—Vv ——u =c>x+2)(y-3)+=(y-3) —=(x+2) =c.
) > ( )y =3) 2(y ) 2( )

Ex. d_y:4x—2y+5
dx 2x—y
Let v=2x-y > dy=2dx—dv, 2—§=2v+5—>—vdv:5dx—>5x+lv2:c
X \%
1 2
—>5x+5(2x—y) =c
o o
If f(x,y) 1s a homogeneous function of degree n, then x8_+ yo-=n nf
X Y

Pf: f(Ax,Ay)=2"f(x,y),

d o a(/1%) of o(Ay) .

i =50 Tan Ty an )
of of .

om ey T )

Let 4=1,then xZ 4% _nrix.y)
ox oy

8f dx + gf = Mdx + Ndy
y

Propertles:

df =

a. If M(x,y)dx+N(x,y)dy=0 1is homogeneous and exact, then its

solution 1s
xM(x,y)+yN(x,y)=c

b. If M(x,y)dx+ N(x,y)dy=0 is homogeneous, then

———— 1is an integrating factor
xM + yN

§ Integrating factor

dy dy  G(x) _H()
F(x) +G(x)y H(x)—)d +F( )y Fo)



Integrating factor u(x)=exp( I %dx) ,

dpu(x) = exp(| %dx)%dx = ﬂ(x)ﬁdx

&G H(x) &G H(x)
w0 1 Ty = ) 0 o ) Dk o) Ty = )
S )y + ) D e = ) T e s )= ) T g

F(x) ) F(x) F(x)
—>y= e )(J. H(X) (( ))dx+cJ

Ex. Q2y+x*)dx=xdy — d—y+(_—2)y=x
dx x

pu(x) = exp(=2[ P exp(=2Inx) = exp(lnx ) = x
X

)czj—y—2)c3y:x1 —>d(x?y)=x"dx > x?y-Inx=c > y=x*(c+Inx),
X

Ex. %+2xy+x=e}‘2 —>d—y+2xy=e’)‘2 —Xx

x dx

p(x) = exp(2[ xdx) = exp(x’) =€, e” fl—y+ 2x¢" y=1-xe*
X
d(e” y)=(1-xe")dx — e" y= J-(l —xe" )dx =x —%J.e"zabc2 —x—e" +c

Ex. sinxd—y+ycosx =cos2x
dx

Ex. (5x” + 1)d—y— 20xy =10x
dx

d_y_2 10x v 10x
dx 5x% +1 4 5x2+1’

) =exp(-2[ 7

1

dx) exp[—2In(5x° +1)] =

(5x* +1)*°
1 d_y _9 10x = 10x
(5x2 +1)* dx (5x2 +1)° (5x* +1)
—J' _J.d(sf +1) (5 +1) 7% +¢
(5x° +1) (5x° +1) (5x

y= —%+ c(5x° +1)°

§ Special 1% order eq.



1. Bernoulli eq. Z—y+ p(x)y=0(x)y"
X

I-n

. d . 1 d
y —“)vcﬂv()dy1 —0(x) » —2

; E py = 0()

Let Y=y"> fZ_Y +(1-n)p(x)Y =(1-n)O(x)
x
p(x) = eXP[J-(l —n)p(x)dx] — #(x)fi_i/ +(1=n)p(x)p(x)Y = (1-n)u(x)QO(x)

> LUV 1= (1= MU0 — ¥ (0 =— <[ (1= mu(x)Q(x)ds +]
x 4(x)

y — Yl—n
dy”
dx

Ex. 3xd—y+y+x2y4 =0 — 3xy_4d—y+y_3 +x°=0—> —x
dx dx

+y7+x*=0

1 dx 1
N 34 __y3_x:0, ﬂ(x):exp(—j—):_
dx x X X
3 -3
S L s 0Ly e o) >y =[],
x dx x dx  x x(x+c¢)

2. Riccati Eq. Z—y = p(x)y> +0(x)y + R(x)
x

If y,(x) is one solution then % = p(x)y; +O(x)y, + R(x)
X

dy =)

yr—— P’ = y))+0xX)(y - )
X

Let y—-y, =z, >

% = P(x)(z* +2zy,)+ O(x)z = P(x)z> + (2,P+Q)z ... Bernoulli Eq.
X

Ex. Z—y:y2+(1—2x)y+(x2—x+l)
X

Try y,=ax+b— a=(ax+b)’ +(1-2x)(ax+b)+ (x> —x+1)

—>a=1, b=0.

Let y:x+z—>%zzz+z—>%— LI N
x z z+1 z+1

=x+c

z z+l I | - -
- =e'e’ > =e'e‘=ce’ >—=ce -1>z=(ce -1
z+1 z z

-1

y=(ce -1)"+x



Ex. d—y:(x+y)(x+y—2)
dx

Try y=ax+b—>a=(x+ax+b)(x+ax+b-2) > y, =—x+1

1

Let y=(-x+1)+z —>—1+§:22—1—>—z =x+c—>z=—(x+c)"

X
y=l-x—(x+c)"
d 1
Ex. “=(y=D(_+»)
X X
) dz

Let y=l+Z%%:2(l+1+z):zz+z(1+l) -z ——(1+l)Z—1 -1
dx x x dx X

-1
- dZ—Jr(lJrl)z"l =—1, ulx)= exp[j(1+l)dx] =xe"
dx X X
i(xe)‘z’l) =—xe* > xe'z'=(1-x)e' +¢c > z= L
dx (I-x)e" +c¢
xe'
=l+— .
' (I-x)e" +c
3. Clairaut Eq. y= xd—y+ f (d—y)
dx dx
The solution is y =mx + f(m).
dy Ay dy 1 dy 1 .dy.,
Ex. y=x—-4(—=)", y=x—+ , y=x—-——(—
e (dx) 4 xdx 1+dl 4 xdx 4(dx)

dx

§ High order L. D. E.

The operator L(y)=a,(x)y" +a,(x)y" " +...+a,y is linear, i.e.,
Llay,+ py,)=al(y)+ BL(y,)
The differential equation L(y)=0 has n homogeneous solutions y,, ..,

Yn

The combination y=> cy,
i=1

Consider the equation a,y" +a,y" " +..+a,y =0

Usually, the solution y can be set as the form y=¢", then the

10



eigenvalue A are determined by the characteristic equation

a A" +a " +..+a,=0

Ifall 4 are distinct, then y=> ce*".

i=1

§ Reduction of order
If u(x) is one solution for a,(x)y"+a,(x)y +a,(x)y=0
Then y(x)=u(x)v(x), where v(x) will be determined

V() =u'()v(x) +u(x)V'(x), »"(x)=u"(x)v(x)+u(x)v"(x)+ 2u'(x)v'(x)
a,[uv+u" +2uV]+a,Ww'v+uv')+a,uv =0

a,uv" + 2agu’ +au)v' + (au” +au' + au)y =0

!
. 2au +au Z

Let z=Vv' - auz'+2au'+au)z=0—> z'+ =0
a,u
dz 2a.u' +au 2a.u' +au
=0 T x>z :exp[—jgdx+c] -
z a,u a,u
2a.u’ +au
v:jexp[—jgdx+c]dx+b
a,u

§ Variation of parameters

Let u(x) and v(x) be two solution of the equation
ay(x)y"+a,(x)y"+a,(x)y=0

Then the solution of the equation a,(x)y"+a,(x)y'+a,(x)y = f(x)

can be expressed as y(x)=yu+y,v, where y, and y, will be
determined.

Let yu+y,v=0,then y'(x)=yu'+y,v, y'(xX)=yu'+y'+yu"+y,",
a,(yu'+y V' +yu"+y, v +a,(yu' + y, V) +a,(yu+y,v)=f

a,(yu'+yV)+y (au" +au’ +au)+y,(aV' +ayv' +a,y)=f

11



a,(yu'+y)=f. Both y and y, aredetermined by the following two
equations: yu+y,v=0 and a,(yu'+yp)=f.

Ex. y"+3y'+2y=0

Let y=e* > A*+34+2=0, A=-1, -2

y=ce +ce”

Ex. y"-2y'+y=0
Let y=e™, 1*-21+1=0, A=1,1. y=¢" is one solution.
Let y=u(x)e",then y =u'(x)e"+u(x)e’, y"=u"(x)e" +2u'(x)e" tu(x)e
V'=2y"+y=u"(x)e" =0, u(x)=cx+c,, y(x)=(cxtc,)e"
Ex. y"+2y'+y=0
Let y=e* > 2’ +24+1=0, A=-1, -1y =¢",
Let y=yu— yu"+2(y/+y)u'+ (" +2y+ y)u=0—->u"=0

u=cx+c, >y=e(¢x+c,)

m

Ex. y"+3)y"+3y'+y=0

Let y=e* > 2°+347+32+1=0, A=-1, -1, -1>y =¢",

Let y=yu—->y=e'u, y=e"u'-u), y'=e " u"-2u"+u),

m

ym :e—X(u _3u”+3u’_u) Su"=0>o1u :Cl_)(f2 +TC X+

y=e'(cx’ +c,x+cy).

Ex. y"+y'+y=0—> 2" +1+1=0, lz—%ij?

12



NG 1 N NG
X —-—X J—x —j—x
2 =e?fce? +ce ? ]

e [cos(? 0+ sin(? 0]+, [cos(? x)-j sin(g 01}

B3

1
=e? {4, cos(?x) + B, sin(Tx)}
Ex. y®+6y-32y® =0

Let y=e* > (A2 +4)222 (A7 -2)=0 > 1=0,0, +J2, 2/, 2j -2, -2/

X —2x Jj2x

—72
+ce T +eixe o

Jj2x —Jj2x

_ 2
y=c¢+cx+c,e +ce’ e xe ! +ege

x —V2x

y=c +c,x+c e’ +ee ™ +x{d; cos2x +d, sin 2x]+[d, cos 2x + d sin 2x]

§. Nonhomogeneous solution
ay" +ay" P+ +a,y=f(x)
y=y,ty,

Ex. y'+y=e™

Method 1 e"(y'+y)=(e"y) =¢e'e " =1, e'y=x+c, y=e¢ "(x+c¢)
Method 2 (D+1)(D+1)y=(D+1)e* =0, where D= di
X
y=ce ‘+cxet, y+y=ce =e", ¢c,=1, y=ce +xe’
Ex. y"+4y' +3y=5¢"
Method 1. y, =ce ™ +c,e™, y, =c;e” > (4+8+3)c; =5
-x —3x 1 2x
y=ce +ce +§e
Method 2. (D-2)e** =0 = (D-2)(y"+4)y' +3y)=5(D-2)e** =0

X

- _ _ e 1
y=ce +ce et = )y +4y +3y=5e"" > y=ce  +ce 3"+§ez

13



Ex. y"+4y'+3y=x

D’x=0—D(y"+4y'+3y)=0, y=ce “+c,e”* +c,+c,x = 4c, +3(c, +¢,x) =x

1 4
+ox——
39

X

_ __ _ —-x -3
==, G = 9, y=cqe +cze

1
3
Ex. y"+3)y' +2y =10 +4x°
Ex. y"+5)' +6y =3¢ +2e™>

3x

1
-2 - 3 -2
y,=ce T +ce, ypz—oex+2xe Y, o6 =2

Ex. y"+y=3sinx
Method 1
Y, =¢ sinx+c,cosx = y=u,(x)sinx+u,(x)cosx
u (x)sinx+u,(x)cosx=0 — y' =u (x)cos x —u,(x)sinx
Let u > 0> )=y 2
V" =u/(x)cos x —u,(x)sinx—u, (x)sin x —u,(x)cos x
u; COS X —u, SIN X — 1, Sin X —u, COS X + 1, Sin X +u, cos = 3sinx
u/ cosx —usysinx =3sinx, u/(x)sinx+u,(x)cosx=0

1—cos2x

. 3. o
ul':3smxcosx:5s1n2x, u, =—3sinxsinx =-3 5

u, :—icos2x+cl , U, :—%(x—%sian)+c2

3 3. .
y=——XCOSX+—Sll’1x+C SInNx-+c¢, CoOSx
2 4 : :

Method 2
(D* +1)(D* +1)y =3(D* +1)sinx =0
Y =c¢,sinx+c,Ccosx+c,xsinx+¢,xcosx

. . 3
(D* +1)y=2c,cosx—2¢,sinx =3sinx, ¢,=0, c, ==

=c sinx+c X——XCOSX
. sinx + ¢, cos 5 cos

14



Ex. (D*+8D°+16)y =—sinx

Let y, =" > A" +817 +16=0=(1>+4)*, 1=42j,%2j
¥, =¢,C082x+c, sin2x +c;x cos 2x + ¢, xsin 2x

1.
yp: nx:—gsmx

———si
1-8+16

Ex. y"-7y"+6y= f(x)
Hint: y=e"u(x)+ev(x)
Ex. y"-2y"—3y"+2y=cosh3x

y, =, =2 -2+2=0=(A-1)(A-2)(A+]), y,=ce +c,e +ce”,

3x + e—3x

_ _ 3x —3x
cosh3x - y,=ae" +ae

1 1
a, =———
80

§. Euler-Cauchy differential Eq.

(n) -1.,(n-1) —
ax"y" +ax"y" N +.+a,y=0,

Byuse x=e° or z=Inx %d—y:d—yﬁzlﬂ—)xﬂzﬂézﬂz v,

dc dzdx xdz dc dzdx dz

d’y d 1dy ldy 1d’ydz 1 d°y dy ,d’y
- )=t T =2 2__)_>x 2

dx dz x dz x“dz xdz’de x° dz dz dx

D.(D. =Dy,

n

X’ dsf =D.(D,-1)(D,-2)y, ...x" <y D.(D.—1)(D. -2)..(D.-n+1)y
dx dx
Ex. x*y"+x)'+9y=0
z=Inx, [D,(D,-1)+D,+9]y=0, [D22+9]y=0, y=c¢,cos3z+c,sin3z,
y=c¢, cos(3Inx)+c,sin(31Inx)
3om

Ex. xX’y"+4x*y"—5xy' -15y =x*

z=Inx, [D(D,~1)(D,~2)y+4D.(D,~1)y—5D y~15]y=¢"

15



[D}+D?-7D.-15]y =¢€*

y,=e”, P+ -T1-15=0=(A-3) (1> +41+5), A=3, A=-2Fj

- . 1
y, =ce’ +e(c,cosz+c,sinz), v, :Ee‘”

- . 1
y=ce’ +e(c,co8z+c,sinz) +Ee4z

y=¢x +x[c, cos(In x) + ¢, sin(In x)] + %x“

Ex. a,(Ax+B)"y"” +a,(Ax+B)""'y" " +..+a,y = f(Ax+B)

Cin(ax+B), Yo A Dy +B)— AD_y
dx Ax+ B dz
2d2y 2 y
(v +BY 5= AD.(D, =)y, ..s (Ax+B)' = A'D(D. -1).(D. ~1+n)y
X

Ex. (x=2)*y"+2(x=2)y'-6y=0
z=In(x-2), [D.(D.-1)+2D.-6]y=0 =>[D}+D.—6]y=0

y=ce+e,e” =c(x=2)" +c,(x-2)

HW.
1. a) d_y:2x—y,b d_y:2x—y+4ac) d_y: 2x—y+4 ,
dx x-2y dx x-2y+5 dx 4x-2y+6
d) (x—y)dx+xdy=0
2. ydx+@B3xy-4y")dy=0 Hint: consider x as the dependent variable.
3. y"+)y'/(x-1)=x-1 Hint: consider )’ as the dependent variable.
4. 3xydx+(2y° -x)dy=0 Hint: consider x as dependenton y.

5. 3x’dx+2xydy + y*dx =0

6. Let u=x be one solution of y' =x’(y-x)*+y/x

16



7. x*y"=3x)'+3y=0

8. x’y"-3x"y"+x(6-x>)y —(6-x>)y=0

9.a) y'+y=sinx,b) y'+2y' +y=e*/x,C) y'+4y +dy=e""/x’
10.a) y"-3y'+2y=—e"/(1+€"),b) y"+2)'+2y=2¢ " tan’ x
11.a) y“+3y"—4y=sinhx—sin’x, b) y"+2ay +(a’-b*)y = f(x)
12. ¥’y"—6y=1+Inx

3_.m

13. x*»V+6x’y"+15x*y"+9xy' -9y =3Inx+1/x’
14.a)Is y=x" one solution of x*y"+x’y' —2(1+x*)y=07?
b) If y=x" is one solution, then what is the complete solution?

15. 9y"+16y =32-60¢e" +40cos2x

16.a) Is y=x one homogeneous solution,
b) Find the complete solution.
17. y"+5y'+6y =3¢ +e*

2_.n

18. X’y"+2x*y"+xy'—y=15c0s(2In x)

17



